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Extraction in 2D/3D Sensor Networks
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Abstract—In sensor networks, skeleton extraction has emerged as an appealing approach to support many applications such
as load-balanced routing and location-free segmentation. While signiﬁcant advances have been made for 2D cases, so far
skeleton extraction for 3D sensor networks has not been thoroughly studied. In this paper, we conduct the ﬁrst work of a uniﬁed
framework providing a connectivity-based and distributed solution for line-like skeleton extraction in both 2D and 3D sensor networks. We highlight its practice as: 1) it has linear time/message complexity; 2) it provides reasonable skeleton results when
the network has low node density; 3) the obtained skeletons are robust to shape variations, node densities, boundary noise and
communication radio model. In addition, to conﬁrm the effectiveness of the line-like skeleton, a 3D routing scheme is derived
based on the extracted skeleton, which achieves balanced trafﬁc load, guaranteed delivery, as well as low stretch factor.
Index Terms—2D/3D sensor networks, connectivity-based, line-like skeleton
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feature of sensor networks can greatly
affect the design of point-to-point routing, data gathering scheme, and so on. Skeleton (or medial axis) is an important infrastructure of sensor networks as it can accurately
capture the topological features of the network. A variety of
applications, such as routing [4], navigation [6], localization
[16], segmentation [29], etc., can beneﬁt from this abstraction of the underlying geometric environment.
The potential applicability of skeleton naturally
inspired many researchers to study its computation in
sensor networks. Bruck et al. [4] proposed an algorithm
named MAP which identiﬁes medial axis nodes that
have at least two nearest boundary nodes which are not
too close. However, MAP is sensitive to boundary noise.
As such, Zhu et al. [29] proposed to identify skeleton
nodes based on the interval of the nearest boundary
nodes, and Jiang et al. [13] designed an algorithm to
locate a skeleton node if it has two or more nearest
boundary nodes on different branches, trying to alleviate
the effect of boundary noise. With an input of incomplete
boundaries, DIST [17], [18] conducts skeleton extraction
by ﬁrst building the hop count distance transform. Each
node then identiﬁes itself by comparing the hop count
transform of itself and its neighbors. Liu et al. [19] proposed a boundary-free framework for skeleton extraction
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which identiﬁes as skeleton nodes the nodes with a
locally maximal index computed based on the neighborhood size of each node.
Despite the success on 2D environments, so far there
has been no line-like skeleton extraction designed for 3D
sensor networks. Previous solutions mostly assume a 2D
space, explicitly or implicitly, and exploit the network’s
2D geometric properties. Such properties often take a very
different form or are more difﬁcult to utilize in 3D spaces
(see Fig. 1). For example, connecting the skeleton nodes to
form a line-like skeleton in a ﬂooding-based manner is the
basic idea of the schemes in [5], [13], [18], [19]. It is generally more difﬁcult to connect nodes in 3D space than to
connect nodes on the plane. With only connectivity information, in most scenarios, e.g., networks with parallel
boundaries as shown in Fig. 2a, the algorithm using ﬂow
complex [29] (referred to as naive algorithm) will fail at
local maxima, incurring a self-disconnected skeleton, see
Fig. 2b. Besides, in principle, simply extending these 2D
solutions to 3D settings will result in a surface skeleton (or
medial surface) [1] composed of a series of 2D manifolds
(also called skeletal sheets), as shown in Fig. 1a. This
representation of the skeleton is computationally expensive and often demands a great amount of storage space at
nodes, and thus is infeasible for resource-constrained sensor networks. Furthermore, while surface skeleton has
been used for navigation in 3D sensor networks [27], however, when the surface skeleton is used to facilitate routing
(that is, using the skeleton as a reference path, the packet
is always forwarded along the direction “parallel” to the
skeleton if possible), the routing path can be considerably
long. For instance, as shown in Fig. 1c, points p and q,
located on the opposite sides of the surface skeleton, have
the same distance h to the nearest surface skeleton point
(shown by the solid blue circle). The packet from point p to
q is forwarded along the direction indicated by the green
curve, and thus suffers a long path to delivery.
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Fig. 1. Surface skeleton, line-like skeleton and their applications in routing. (a) The surface skeleton (indicated by the shaded two-manifolds);
(b) The line-like skeleton (red curve); (c) Points p and q have the
same nearest skeleton point shown by the solid blue circle. The routing path from p to q generated by the routing protocol on top of the
line-like skeleton is indicated by the dark black curve, and the routing
path generated by the surface skeleton based routing protocol is indicated by the green curve.

In the literature of computer graphics, an alternative
skeletal representation of a 3D object is a line-like skeleton
[3], as shown in Fig. 1b, which is a 1D curve possibly with
branches. The line-like skeleton, also referred to as curveskeleton, centerline, or inverse-kinematic skeleton, is a subset of the surface skeleton. Compared with surface skeleton,
line-like skeleton has lower dimensionality, and is easier to
compute and occupies less storage space. This kind of linelike skeletons in both 2D and 3D environments, satisﬁes
desirable properties: homotopic to the original object, centered, connected, robust, hierarchical, etc. As detailed in
Section 4.6, the routing protocol on top of the line-like skeleton is delivery-guaranteed and has low stretch factor.
Fig. 1c shows an example. The packet from p to q is forwarded along the circle with the radius h centered at the
skeleton point (shown by the solid blue circle). It can be
found that the routing path by the line-like skeleton based
routing protocol has smaller length than the path by the surface skeleton based routing protocol.1
As such, in this paper, our objective is to extract the linelike skeleton of a 2D/3D sensor network with reliance on
mere connectivity information. To that end, we ﬁrst derive
a uniﬁed deﬁnition of line-like skeleton points in both 2D
and 3D settings. Then, in practice, to obtain the skeleton of a
sensor network, for each node, we ﬁrst identify its feature
nodes and construct a set of connected components, and
thus identify it as a skeleton node when the connected components can be connected to form at least one loop (for 3D
sensor networks) or curve (for 2D sensor networks) such
that the boundary can be decomposed into two or more connected components accordingly. To connect the identiﬁed
skeleton nodes, we propose importance measure of skeleton
nodes, based on which a skeleton tree is constructed. Finally
using the proposed branch similarity, we measure and trim
the redundant skeleton branches, as shown in Fig. 2c. To the
best of our knowledge, this is the ﬁrst work on skeleton

1. Formally, we can give a brief explanation. First the surface skeleton
is a two-manifold, that is, for any line-like skeleton point v in the twomanifold, there exists a small value r > 0 such that its open r-neighbors (the points having a distance less than r to the point v) are also in
the two-manifold. Then, for any point u which has a distance
h to the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
neighbors of point v, the distance between u and v is r2 þ h2 > h.
That is, the circle centered at the line-like skeleton point with radius h
is totally included in a region bounded by the routing path generated
by the surface skeleton based routing protocol, which sufﬁces to conﬁrm the observation.
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Fig. 2. Skeleton extraction in a Y-shaped 3D sensor network with 12,545
nodes and avg.deg 22.53. (a) Original network. Boundary nodes are
marked in blue; (b) The skeleton extracted by the naive method; (c) The
skeleton by our algorithm.

extraction in 3D networks, and our contribution is a novel
skeleton extraction solution feasible for both 2D/3D networks. Our algorithm is desirably distributed, connectivitybased, scalable, and robust to boundary noise, etc. In addition, in order to demonstrate the effectiveness of the
extracted skeleton, we propose a line-like skeleton based 3D
routing scheme, which achieves balanced trafﬁc load,
guaranteed delivery, as well as low stretch factor.
The remainder of the paper is organized as follows. We
brieﬂy introduce related work in Section 2, and in Section 3
we present the theoretical foundations of this work. Section 4
is devoted to the skeleton extraction algorithm in 2D/3D
sensor networks. We demonstrate the effectiveness of the
algorithm in Section 5, and conclude the paper in Section 6.

2

RELATED WORK

In this section, we brieﬂy introduce some representative
studies on skeleton extraction and its applications in sensor
networks, respectively.
Skeleton extraction. Assuming complete boundaries,
Bruck et al. [4] proposed MAP, a medial axis-based routing
protocol. MAP identiﬁes medial axis nodes that have at least
two nearest boundary nodes, and eliminates unstable
medial axis nodes whose nearest boundary nodes are not
nearby, e.g., with a distance larger than a certain hops.
However, MAP is still sensitive to boundary noise and possibly delivers a medial axis with spurious branches. To
address this problem, Zhu et al. [29], [30] proposed to identify skeleton nodes based on the interval of the nearest
boundary nodes, trying to alleviate the effect of boundary
noise; Jiang et al. [13] proposed an algorithm, entitled
CASE, to identify corner nodes and accordingly segment
the boundaries into branches; an interior node identiﬁes
itself as a skeleton node if it has two or more nearest boundary nodes located on different branches. By posing the
threshold value on the corner node, a multi-scale skeleton
can be easily obtained. Different from the above algorithms
which require complete boundary information, Liu et al.
[17], [18] proposed to identify incomplete boundaries based
on the neighborhood-size of each node, and then build the
hop count distance transform. A skeleton node is such that
its hop count transform is locally maximal. The merit of
Dist is that it can be used in sparse networks where complete boundary information is often difﬁcult to obtain and
thus above algorithms do not work well. When the network
is complex, e.g., with concave nodes, however, the obtained
skeleton will bend toward or even cross the boundaries,
due to the boundary incompleteness. As such, Liu et al. [19]
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TABLE 1
List of Key Notations

proposed a framework for skeleton extraction which, rather
than relying on boundary information, is based on purely
neighborhood size of each node. For each node, it ﬁrst constructs an index to quantitatively measure its centredness,
and the node with locally maximal index identiﬁes itself as
a skeleton node. Note that the above-mentioned algorithms
target only for 2D sensor networks. For 3D sensor networks,
Xia et al. [27] proposed a surface skeleton extraction in 3D
sensor networks. First, the unit tetrahedron cell (UTC) mesh
structure of 3D sensor networks is established. Then, starting from the boundary surface, one layer of the UTC mesh
structure is iteratively “peeled” off where the growing pace
of the inner boundary surfaces and the shrinking pace of
the outer boundary surfaces are the same. The iteration continues until there is no space for further growing and
shrinking, and eventually, the surface skeleton, composed
of 2-manifolds, is delivered.
The applications of skeleton extraction. Bruck et al. [4]
designed a medial axis based routing protocol which is delivery-guaranteed and load-balanced. Buragohain et al. [6] proposed to compute a safe navigation path based on a sparse
graph, named skeleton, for internal users under the presence
of dangerous events. Zhu et al. [29] decomposed an irregular
2D network into nice pieces based on the skeleton, and
showed that it can improve the performance of distributed
indices and random sampling. In [16], landmarks are selected
according to the distance to the skeleton, and then a distributed localization scheme is proposed. Wang et al. [25] used
the skeleton to build a road-map which navigates the users in
the sensing ﬁeld to a safe exit with guaranteed safety. Xia
et al. [27] used the medial axis to improve the performance of
navigation and data storage in 3D sensor networks.

3

THEORETICAL FOUNDATIONS

In this section, we ﬁrst derive a uniﬁed deﬁnition for linelike skeleton points in both 2D and 3D continuous domains.
And then we propose a metric to measure the degree to
which a point reﬂects the details of the underlying object.
The usage of this metric, as will be shown in Section 4, is to
serve as a guidance to connect the identiﬁed skeleton points.
For simplicity, we only focus on the case of the objects with
simple shape, and later in Section 4.4 we will discuss how
to adapt it to the case with complex shape.

3.1 Line-Like Skeleton Point Deﬁnition
Let D  Rk be a k-dimensionalðk ¼ 2; 3Þ object bounded by
a connected ðk  1Þ-manifold @D (A list of key notations can
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be found in Table 1). Especially, for a 3D object, we assume
its boundary surface to be smooth(C 1 ), compact and without boundary. We deﬁne the (euclidean) distance transform
= @D and 0
T : D ! R as T ðx 2 DÞ ¼ miny2@D dE ðx; yÞ for x 2
otherwise, where dE ðx; yÞ is the (euclidean) distance of point
x to y; let F : D ! Pð@DÞ be a feature transform assigning to
each point x 2 D the set of the nearest points (namely, feature points) on @D to x, where PðSÞ denotes the power set, i.
e., the set of all nonempty subsets of S. Then, we formally
have F ðxÞ ¼ fz 2 @DjdE ðx; zÞ ¼ T ðxÞg.
We start with the surface skeleton of D  R3 , denoted by
SðDÞ, followed by our deﬁnition for the line-like skeleton
point. Formally, SðDÞ ¼ fx 2 Dj#fF ðxÞg  2g. Clearly,
SðDÞ can be decomposed into two subsets: S1 ðDÞ and
S2 ðDÞ, where S1 ðDÞ ¼ fx 2 Dj#fF ðxÞg ¼ 2g, and S2 ðDÞ ¼
fx 2 Dj#fF ðxÞg > 2g. We call a point in S1 ðDÞ and S2 ðDÞ
as a generic and non-generic skeleton point, respectively. We
ﬁrst study the properties of a generic skeleton point, and
then show that a non-generic skeleton point also has the
same properties.
For any point x 2 S1 ðDÞ, let xa and xb be its two feature
points; let X be the set of the feature points, i.e.,
X ¼ fðxa ; xb Þjx 2 S1 ðDÞg. Deﬁne the feature distance function Fd : X ! R, and f ¼ Fd  F , then f is a mapping from
S1 ðDÞ to the one-dimensional space R, i.e., for a point
x 2 S1 ðDÞ, fðxÞ is the geodesic distance (the distance along
the surface rather than through the space) between its feature points xa and xb ; we call f the geodesic distance function
(GDF). Specially, for a point with only one feature point, we
deﬁne its geodesic distance function as 0. Clearly, for each
point x 2 S1 ðDÞ, if there are two globally geodesic shortest
paths between xa and xb , they must have equal length. As
such, f is well deﬁned on S1 ðDÞ and D.
Since we have assumed the boundary to be smooth, it can
be shown by using a similar technique as in [2] that S1 ðDÞ is
a smooth manifold, and F : D ! Pð@DÞ is differentiable [8].
Deﬁne G : S1 ðDÞ ! R2 as the local coordinate function.
Then G is a diffeomorphism, respecting the fact that S1 ðDÞ
is a smooth manifold. Further, we deﬁne C : R2 ! R such
that for each point x 2 D, we have CðGðxÞÞ ¼ fðxÞ. As such,
from the perspective of differential geometry, f is differentiable at point x if and only if C is differentiable at GðxÞ.
Next we ﬁrst introduce some results about geodesic distance function and geodesic shortest path, and then we
derive a uniﬁed deﬁnition of the line-like skeleton for 2D/
3D objects.
Lemma 1. The function f has no local minimum.
Proof. We only prove this for 2D objects since a 3D object
with genus 0 can be cut into slices with boundary parallel
to the gradient ﬁeld rT [22], and each interior point falls
in only one slice; hence its feature points are all on the
boundary of the 2D slice. To that end, we only need to
prove that for any point y having two feature points ya
and yb , there is a neighboring point x satisfying that the
geodesic distance fðxÞ between its two feature points
xa ; xb is less than fðyÞ. Please see Fig. 3a. Clearly, we can
always ﬁnd a point x such that one of its feature points, e.
g., xa is on the geodesic shortest path between ya and yb .
We prove by contradiction that xb is also on the geodesic
shortest path between ya and yb . If xb is not on the geodesic
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Fig. 3. An illustration for Lemma 1 and Theorem 4.

shortest path between ya and yb , e.g., the feature point xb
moves to point xb0 , then the chord xxb0 will intersect with
the chord yyb , say at a non-skeleton point v. That is, the
point v stays on two chords, contradicting the fact that
each non-skeleton point stays on a unique chord, which
has already been proved by [4]. Therefore, xb is also on the
geodesic shortest path between ya and yb , and the geodesic
distance between xa and xb is less than that between ya
and yb . That is, fðxÞ < fðyÞ which proves the claim.
u
t
Lemma 2. The geodesic distance function f is not differentiable
everywhere.
Proof. We only prove this for 2D object D. Assume that x is
a skeleton point, xa and xb are its two feature points, then
we have fðxÞ > 0. For each point y1 ; y2 on the two
chords xxa ; xxb , it has been proven in [4] that xa (or xb ) is
the unique feature point of y1 (or y2 ). That is, fðy1 Þ ¼
fðy2 Þ ¼ 0. It naturally follows that f is not differentiable
at the point x. In a similar way, we can prove that the
geodesic distance function f is not differentiable at any
skeleton point.
u
t
Lemma 2 says that the geodesic distance function f is not
differentiable at skeleton points. Next we will prove that the
singularities of f, i.e., the points where f is not differentiable, has a Lebesgue measure zero.
Deﬁnition 1. A function g : Rk ! R is locally Lipschitz continuous (also referred to as locally K-Lipschitz) if for any point
x 2 Rk , there exists a real constant K  0 and some  > 0
such that, for every point y 2 Rk satisfying jgðxÞ  gðyÞj < ,
the following inequality holds:
jgðxÞ  gðyÞj  K kx  yk:

(1)

Obviously, the (euclidean) distance function F is locally
Lipschitz continuous since, for any two points x; y 2 @D,
F ðxÞ  F ðyÞ þ 1  kx  yk always holds, and
Lemma 3. C is locally Lipschitz continuous.
With Lemmas 1, 2 and 3, according to Rademacher’s theorem [10], the singularities of f has a Legesgue measure
zero, implying that the singularities of f consists of 1D
curve, namely, the line-like skeleton [8]. In other words, a
point v is a line-like skeleton point if the function f is not
differentiable at point v.
To compute the singularities of the function f, however,
is cumbersome and impractical for sensor networks. Fortunately, we have the following theorem:
Theorem 4. For any non-singular point of f, there is only one
geodesic shortest path; and for each singular point, there are
two geodesic shortest paths between its feature points, decomposing the boundary into connected components.
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Proof. For 2D objects, it is obvious that the geodesic shortest
path between any two feature points of a singular point
of f segments the boundary into two parts. We now
prove that this is the case for 3D objects. We prove by
contradiction that for a singular point x, there are more
than one geodesic shortest paths between its two feature
points xa and xb . Suppose that there is only one geodesic
shortest path between its feature points, please see
Fig. 3b. This implies that there exists a neighboring point,
say y, such that y0 s geodesic distance between its feature
points ya and yb is larger than that of x, namely,
fðyÞ > fðxÞ. According to Lemma 1, there exists a point
y0 such that fðy0 Þ < fðxÞ. When the points y; y0 approach
to point x, the feature distances fðyÞ; fðy0 Þ converge to
fðxÞ, that is, the function f is smooth at point x, which
contradicts that x is a singular point of f. Since there are
two geodesic shortest paths between xa and xb , they
should have the same length and form at least one loop.
Accordingly, the boundary of the object is decomposed
into connected components.
u
t
Theorem 4 provides a simple way for skeleton point
identiﬁcation: if point v is such that the geodesic shortest
paths between its feature points form a feature loop, decomposing the boundary into components, then point v is a
skeleton point; otherwise, it is a non-skeleton point, as
shown in Fig. 6a.
Next we consider the non-generic skeleton in S2 ðDÞ, i.e.,
the points with three or more feature points. It happens at
the intersection of nð 3Þ 2-manifolds with boundaries in
S1 ðDÞ. It is easy to show that the neighbors of any point
x 2 S2 ðDÞ do not necessarily belong to S2 ðDÞ, that is, S2 ðDÞ
is not a 2-manifold. Therefore it either consists of isolated
points or forms 1D curve. Clearly, for point x 2 S2 ðDÞ, it has
more than two geodesic shortest paths between its feature
points, which form at least one loop and separate the
boundary into connected components.
Note that a skeleton point of 2D objects also has the same
property, i.e., the shortest paths between its feature points
form a curve decomposing the boundary into branches. As
such, we now present a uniﬁed deﬁnition of the line-like
skeleton in 2D/3D space as follows:
Deﬁnition 2. A point is a line-like skeleton point if and only if
the geodesic shortest paths between its feature points decompose the boundary into two or more connected components.
Following this deﬁnition, we can identify the skeleton
points, without reliance on any parameters. However, it is
noted that these identiﬁed skeleton points is not self-connected. A straightforward method is to use ﬂow complex
[7], [29], however, there can be many local maxima, resulting a set of disconnected skeleton arcs, as mentioned in Section 1. Thus, it faces a non-trivial challenge to connect these
skeleton points into a meaningful representation of the
underlying 2D/3D object.

3.2 Importance Measure of Line-Like Skeleton Point
To connect the identiﬁed skeleton points, in this section, we
propose the importance measure associated with the line-like
skeleton points, based on which a skeleton tree can be easily
constructed.
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3.2.1 Importance Measure in 2D
Let D has no holes. Its skeleton SðDÞ can be deﬁned as the
singularities of distance transform T : D ! R. Let rT be
the gradient ﬁeld of D. Obviously, rT is undeﬁned on
SðDÞ. Conventionally, each boundary point only ﬂows to
SðDÞ following the direction of rT , so the delivered skeleton is self-disconnected. To address this, we deﬁne a ﬂow
vector ﬁeld V such that after ﬂowing to SðDÞ, the point
keeps ﬂowing along the skeleton until it reaches a unique
point of D, called core point CPðDÞ, and deliver a self-connected skeleton. Speciﬁcally, for non-skeleton point z, similar with [29], we deﬁne the driver dðzÞ as its unique feature
point. For a skeleton point, however, we deﬁne its driver as
the neighboring skeleton point with smallest GDF, instead
of the sink itself in [29], to achieve a self-connected skeleton.
For CPðDÞ, the driver is itself. Accordingly, we deﬁne the
ﬂow V as VðzÞ ¼ zdðzÞ
jzdzj for z 6¼ dðzÞ and 0 otherwise.
Governed by the ﬂow V , each non-skeleton point will
ﬁrst ﬂow to SðDÞ and then keep moving along SðDÞ toward
the core point CPðDÞ. Since D has no holes, its skeleton
SðDÞ is a tree-like structure. As such, each skeleton point p
can divide it into two sub-trees and accordingly, the ﬂows
passing through a skeleton point p will decompose the
object into connected components, and the origins of the
ﬂows also decompose the boundary @D into connected components, say C1 ðpÞ; C2 ðpÞ; . . . ; Cl ðpÞðl  2Þ. As such,
Deﬁnition 3. We deﬁne the Importance Measure of p, denoted by
rðpÞ, as follows
rðpÞ ¼ 1  maxfðCi ðpÞÞg=ð@DÞ;
i

(2)

where ðÞ : V ! R is a Lebesgue measure assigning a real
value to a subset of n-dimensional space V.
Intuitively, the importance measure of a point describes
how many trajectories ﬂow to this point. Since the core point
is a skeleton point where all trajectories “sink” into, it has
the largest importance measure.
Lemma 5. Each object has only one core point.
Theorem 6. The importance measure rðpÞ is a monotonic function with the distance from p to CPðDÞ.
Proof. Since the unique core point CPðDÞ is a skeleton point
where all trajectories “sink” into, for any skeleton point p
with a distance dðpÞð > 0Þ to CPðDÞ, the amount of trajectories ﬂowing to p is smaller than that of CPðDÞ. Assume
q is a skeleton point at the same side of p to CPðDÞ. Without loss of generality, assume dðqÞ > dðpÞ. Clearly, the
trajectories ﬂowing to q will surely ﬂow to p but not vice
versa. That is, the importance measure of p is larger than
that of q, which proves the claim.
u
t
Theorem 6 implies that the closer a skeleton point is to
the core point, the larger its importance measure, and there
only exists one local (also global) maximum, i.e., CPðDÞ,
resulting in a self-connected skeleton. As such, it offers a
rule to generate a skeleton tree.

3.2.2 Importance Measure in 3D
We can easily extend the 2D model to a 3D object D such
that a monotonic importance measure is applicable for
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extracting a robust and self-connected line-like skeleton for
the 3D object D.
Similar with 2D model, our goal is to construct a ﬂow vector ﬁeld V which can guarantee that each non-skeleton point
ﬁrst ﬂows to the line-like skeleton following the direction of
the gradient ﬁeld rT (where T is a distance transform) and
then keeps moving along the line-like skeleton toward a
unique core point CPðDÞ 2 SðDÞ, thereby a self-connected
skeleton can be obtained. Compared with 2D model, however, deﬁning V on a point in a 3D object is more challenging
since an improper ﬂow vector ﬁeld might generate a surface
skeleton which contains 2-manifold sheets.
Our solution is a divide-and-conquer strategy. More
speciﬁcally, we ﬁrst cut the 3D object D into slices, and
then apply our 2D model on these slices to deﬁne the ﬂow
vector ﬁeld V. Let Ds be a slice with boundary @Ds  @D,
and CP ðDs Þ be its core point, called local core point. Within
each slice Ds , we can deﬁne the ﬂow vector ﬁeld Vs using
our 2D model. Namely, for each non-skeleton point
z 2 Ds , the driver dðzÞ is its unique feature point in @Ds ,
and the driver of a skeleton point is the neighboring skeleton point with the largest GDF. Note that we cannot deﬁne
the driver of the local core point as itself, otherwise the
local core points of these slices are not self-connected. To
address this issue, note that each slice divides the boundary into components, we call the local core point of the
slice which decomposes the boundary surface into two
halves as the global core point, and deﬁne the driver of each
local core point as the neighboring local core point closest
to the global core point. As for the global core point, the
driver is itself. As such, the ﬂow vector ﬁeld V can be constructed accordingly. That is, for each point z 2 D,
VðzÞ ¼ zdðzÞ
jzdzj for z 6¼ dðzÞ and 0 otherwise.
The slices should be carefully chosen such that its normal
is vertical to the gradient ﬁeld rT , and thereby the trajectories originating on each slice boundary remain in the slice.
Note that here the slice boundary @Ds decomposes the
boundary @D into components, reminiscent of the geodesic
shortest paths between feature points of a line-like skeleton
point p that form at least one feature loop and decompose
the boundary into connected components, where p corresponds to the local core point. As such, the feature loop provides a good approximation to the slice boundary, and the
nodes nearest to the same slice boundary can be regarded
as a slice. We thus deﬁne the importance measure rðpÞ of
the skeleton point in the same way as in the 2D model by
Equ. (2). Again, The global core point CPðDÞ is where all
points sink into and thus has the largest importance measure. In addition, the trajectories ﬂow to the global core
point along the direction of monotonically increasing
importance measure. The closer a skeleton point(a local
core point) is to the global core point, the more details of the
object it reﬂects.
In summary, for both 2D and 3D objects, the line-like
skeleton point has a uniﬁed deﬁnition and has the common
property: the (geodesic) shortest paths between its feature
points decompose the boundary into connected components
C1 ðpÞ; C2 ðpÞ; . . . ; Cl ðpÞðl  2Þ, which can be used for measuring the importance of the skeleton point by the Equ. (2) and
thus guiding the skeleton tree construction for achieving a
self-connected skeleton.
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Fig. 4. Line-like skeleton extraction in Fig. 2. (a) An interior node (marked in red) and its feature nodes (marked in blue); (b) Feature loop
nodes (marked in blue); (c) The dilated path; (d) The feature nodes (left) and the dilated path (right) of a non-skeleton node; (e) Skeleton
nodes; (f) Skeleton tree.

4

ALGORITHM

In this section, we adapt the aforementioned principle of
skeleton extraction in continuous domain to the discrete
analog. Here boundary information is taken as an input;
there are many boundary extraction algorithms in 2D/3D
sensor networks, e.g., [9], [15], [26], [28]. We ﬁrst present the
outline of our algorithm, followed by the details of each
step. Since the 2D cases are quite similar, we limit the details
on 3D spaces here.
1) Skeleton node identiﬁcation. The node, which satisﬁes
that the geodesic shortest paths (for 3D sensor networks) or
shortest paths (for 2D sensor networks) between feature
nodes decompose the boundary into 2 or more connected
components, marks itself as a skeleton node, as shown in
Figs. 4e and 5c.
2) Importance measure computation and skeleton tree construction. The importance measure of each skeleton node is then
derived from the computation of the number of nodes in the
connected components. After that, each skeleton node chooses the neighboring skeleton node with the largest importance measure as the parent node, and accordingly, a
skeleton tree is constructed following the direction of the
monotonically increasing importance measure to derive a
self-connected skeleton, as shown in Figs. 4f and 5d.
3) Reﬁnement. The skeleton tree may contain redundant
skeleton branches, owing to the discrete nature of sensor
networks. We trim the skeleton tree according to the proposed branch similarity. As a result, the ﬁnal skeleton is
obtained, as shown in Figs. 2c and 5e.

4.1 Skeleton Node Identiﬁcation
To identify the feature node(s) of interior nodes, the
boundary nodes initiate controlled ﬂoods inside the network; each interior node is associated with a boundary
tree rooted at one of its feature node and keeps record of
the feature nodes (shown in Fig. 4a). Note that this ﬂooding process only causes overall OðNÞ message cost where
N is the network size as each node just forwards the ﬁrst
ﬂooding message it receives. In our algorithm, if an interior node has a minimum hop count distance k to the
boundary, the boundary nodes that are k þ 1 hops away
are also regarded as the feature nodes, respecting the fact
that in special scenarios (e.g., a box-shaped network with
even width, or sparse networks), some skeleton nodes
possibly have only one feature node.
Based on these feature nodes, we mainly address how to
identify skeleton nodes in 3D sensor networks (as for 2D
cases, the method is quite similar). Note that there is no
need for every interior node to determine its identity, which
otherwise incurs a large communication cost. Instead,

similar with [18], only the leaf nodes of the boundary trees
conduct the skeleton node identiﬁcation process. In continuous domain, as highlighted in Deﬁnition 2 (see Section 3.1),
at each skeleton node, the geodesic shortest paths will form
at least one loop, separating the boundary surface into two
or more parts, as shown in Fig. 6a, which guides our steps
to identify skeleton nodes in 3D sensor networks as follows:
1) Constructing and connecting the feature components. For
any leaf node, each feature node issues a controlled-ﬂooding to construct a set of connected components, each of
which is assigned a unique identiﬁer. To connect these components, a controlled hop-by-hop expansion process is conducted for achieving a low cost. More speciﬁcally, each
feature node p broadcasts a message including its identiﬁer,
and p0 s neighboring boundary nodes (or any p0 s neighboring nodes in 2D networks) which has not been assigned any
identiﬁer, are assigned the same identiﬁer. Such process is
conducted repeatedly until two boundary nodes (or any
nodes in 2D networks) with different identiﬁers meet. This
way, the geodesic shortest paths between feature components can be built. Without ambiguity, the feature nodes
and the nodes on the geodesic shortest paths are henceforth
referred to as feature nodes, see Fig. 4b.
2) Feature loop identiﬁcation. In continuous domain, as
mentioned in Section 3.1, for a line-like skeleton point in 3D
objects, the geodesic shortest paths between its feature
points form at least one feature loop, while the set of the
geodesic shortest paths between the feature points of a nonskeleton point is only a non-loop curve. As such, to identify
whether a leaf node is a line-like skeleton node, the presence
of the feature loop(s) is a key. One might argue that feature
loop identiﬁcation can be simply done as follows: any feature node ﬂoods within the feature nodes to build a shortest
path tree, if there are two neighboring feature nodes having
no common ancestor but the root, then the feature nodes
form a loop. For a network with large node density, this
might not be problematic; in a sparse network, however,
this method does not work. That is, there might be fake
loops. Please see Fig. 6b as an example. To deal with this,
each feature node ﬁrst ﬂoods within a small scope, i.e., its
two-hop neighbors. Those nodes that are at most 2-hops
away from these feature nodes then naturally form a dilated
path, as shown in Fig. 6c. If the boundary of the dilated path
is more than one closed curve, i.e., the nodes that are two
hops away from the feature nodes (as shown in Fig. 4c) cannot form one connected component, then there is at least
one genuine feature loop, and the corresponding interior
node p identiﬁes itself as a skeleton node; otherwise, p is not
a skeleton node, as shown in Fig. 4d. Note that this can be
easily done in a distributed fashion. Fig. 4e shows the skeleton nodes of a 3D network.
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Fig. 5. Skeleton extraction in a sun-shaped 2D sensor network which has 5,217 nodes with average degree 12.27. (a) A skeleton node (marked in
black) and its feature nodes (marked in red); (b) Shortest path (marked in green) between connected components; (c) Skeleton nodes; (d) Skeleton
tree; (e) Final skeleton.

4.2

Importance Measure Computation and Skeleton
Tree Construction
In order to connect the identiﬁed skeleton nodes to form a
meaningful line-like representation of the original network,
guided by Deﬁnition 3 in Section 3.2, each skeleton node is
assigned an importance measure, a metric measuring how
important the skeleton node is to reﬂect the details of the
network. Based on the importance measure, a skeleton tree
can be constructed such that a self-connected skeleton is
generated.
Note that in 3D sensor networks, the feature loop of a
skeleton node decomposes the boundary surface into a set
of connected components. In 2D sensor networks without
holes, the shortest paths between the feature points of a
skeleton node also decompose the boundary into
branches. We call the feature loop (in 3D networks) or geodesic path (in 2D networks) as Feature Component. For a
skeleton node p, denote by C1 ðpÞ; C2 ðpÞ; . . . ; Cl ðpÞ the connected components of the boundary divided by the feature
component of p, satisfying that jC1 ðpÞj  jC2 ðpÞj     
jCl ðpÞj. Then the importance measure of p, denoted by tðpÞ
is given as follows:
tðpÞ ¼ 1  jCl ðpÞj=jC j;

(3)

where C is the set of boundary nodes. Generally, the
importance measure of p ranges from 0 to 1.
After each skeleton node computes its importance measure, a skeleton tree can be constructed to connect these skeleton nodes. According to Theorem 6, the skeleton tree is
constructed in a greedy manner, namely, each skeleton node

selects the neighboring node with the largest importance
measure as its parent node, which ﬁnally forms a skeleton
tree rooted at the so-called core node (the counterpart of core
point in continuous domain), mimicking the ﬂow in continuous domain as described in Section 3.2. Obviously, the core
node, where all skeleton nodes “sink” into, has the largest
importance measure. Fig. 4f shows the result of skeleton tree
construction. Note that there are redundant skeleton
branches, owing to the discrete nature of sensor networks
and thus many nodes being identiﬁed as skeleton nodes. As
such, most of them are similar with each other, i.e., they have
some common feature nodes. In the next section, we will
conduct a pruning process to deliver a line-like skeleton.

4.3 Reﬁnement
As mentioned, the skeleton tree may have unwanted skeleton branches, and thus reﬁnement is needed for a good skeleton. To this end, we propose a metric named branch
similarity, based on which we can obtain a simpliﬁed skeleton without unwanted skeleton branches.
We ﬁrst present the deﬁnition of branch similarity.
Deﬁnition 4. For two skeleton branches B1 ; B2 with a common
parent node p, let L1 ; L2 denote the depths of the branches
B1 ; B2 respectively. For two nodes pi1 ; pi2 on the branches
B1 ; B2 , which are both ið L ¼ minfL1 ; L2 gÞ hops from node
p, deﬁne Iðpi1 ; pi2 Þ to be 1 if pi1 ; pi2 are neighboring, and 0 otherwise. Then the branch similarities between B1 and B2 of B1 ,
and B2 , denoted by SimðB1 jB2 Þ, and SimðB2 jB1 Þ respectively, are deﬁned as:
SimðB1 jB2 Þ ¼

L
X


I pi1 ; pi2 =L1 SimðB2 jB1 Þ
i¼1

¼

L
X


I pi1 ; pi2 =L2 :

(4)

i¼1

If the parent node p has Ið > 0Þ children nodes that generate I skeleton branches accordingly, then the branch similarity of the branch BðpÞ, including p and the nodes on the
I branches, is deﬁned as
Fig. 6. Feature loop identiﬁcation. (a) Feature loop curve and non-loop
curve; (b) Fake feature loop. The solid nodes are the feature nodes (the
feature nodes with the same shape are in a connected component) of an
interior node and the empty circles are other boundary nodes. The loop
does not decompose the boundary surface into pieces, therefore it is a
fake loop; (c) The dilated paths (blue curve) is the set of points having
the same distance to the feature loop (red curve). The boundary of the
dilated path of p; q have 2 and 1 closed curve respectively, therefore p
identiﬁes itself a line-like skeleton point, and q is a non-skeleton point.

SimðBðpÞÞ ¼ max fSimðBj jBi Þg:
i;jI ;i6¼j

(5)

Fig. 7 shows the principle of computing branch similarity. With the branch similarities, we now simplify the skeleton tree in an iterative fashion. Initially, we eliminate those
skeleton branches with branch similarity of 1.0. If all
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Fig. 8. Multi-scale skeletons by setting the threshold t on importance
measure. (a) t ¼ 0:1; (b) t ¼ 0:2; (c) t ¼ 0:2; (d) t ¼ 0:3.

Fig. 7. Skeleton branch similarity. The parent node p(shown by solid
rectangle) has several children nodes (shown by solid circles) and
thereby skeleton branches (bounded by dashed polygons), and the hollow circle are ordinary skeleton nodes. The solid line between two skeleton nodes indicates they are on the same skeleton branch, and the
dashed line indicates they are neighboring nodes. (a) Branch B1 and B01
have 4 pairs of neighboring skeleton nodes, and the skeleton branch
similarity of B1 and B01 are SimðB01 jB1 Þ ¼ 45 ¼ 0:8 and SimðB1 jB01 Þ ¼
4
9 ¼ 0:44, respectively; (b) Parent node p has three skeleton branches.
SimðB1 jB2 Þ ¼ 1:0, SimðB2 jB1 Þ ¼ 46 ¼ 0:66; SimðB2 jB3 Þ ¼ 26 ¼ 0:33,
SimðB3 jB2 Þ ¼ 36 ¼ 0:5. Therefore, SimðB1 Þ ¼ 1:0; SimðB2 Þ ¼ 0:66;
SimðB3 Þ ¼ 0:5.

skeleton branches of a parent node have a branch similarity
is no less than the given value, then all branches but the one
with the largest length is kept. Next, for any given step size
d > 0, the branches with branch similarity larger than
1:0  d will be trimmed, followed by trimming the branches
with branch similarity larger than 1:0  2 d, and so on.
The iteration is terminated when no more skeleton branches
could be deleted, and the ﬁnal skeleton is thus generated,
please see Fig. 2c. Note that our algorithm has no dependency on the step size d. The extracted skeleton is computed
based on the importance measure of each skeleton node,
which can reﬂect the detail of the network on a different
spatial scale. A node with large importance measure typically represents the large-scale detail of the network, and
the node with small one, possible caused by boundary
noise, represents the small-scale detail. By setting the
threshold value on importance measure, we can obtain
multi-scale and nested skeletons, i.e., the skeleton generated
by imposing a small threshold includes the skeleton by a
large threshold. Please see Fig. 8.

4.4 The Case for Objects with Complex Shape
So far we only concentrate our algorithm on the networks
with simple shape. For scenarios with complex shapes (e.g.,
with tunnels, see Fig. 9a), the origins of the ﬂows passing
through a skeleton point could not decompose the boundary into connected components such that the proposed algorithm is no longer valid. To address this issue, the feature
loop with the largest number of boundary nodes is ﬁrst
identiﬁed, and then the nodes on the feature loop ﬂoods
simultaneously within boundaries. The nodes, who have
the same hop count distance to the feature loop, will form at
least one loop. If we treat each loop as a dummy node, then
after the ﬂooding, there can be many dummy nodes forming
a dummy tree, and the tree will fork at one side of a tunnel
and meet at the other side. Next we cut the network from
the place where the dummy tree meets to form a cross section which can decompose the network (and the boundary)
into components, then the proposed algorithm is still applicable (see Fig. 9b).

4.5 Algorithm Complexity
Theorem 7. Our algorithm has a linear time and message
complexity.
Proof. Our algorithm has the following steps: skeleton node
identiﬁcation, importance measure computation, skeleton tree construction, and reﬁnement. We prove the
claim by discussing the time and message complexity of
our algorithm for 3D networks only, and as for 2D cases,
it is quite similar.
Skeleton node identiﬁcation. This process involves feature node identiﬁcation, geodesic shortest paths construction and feature loop identiﬁcation. Feature node
identiﬁcation often incurs a time and message complexity of Oð1Þ. During the construction of geodesic shortest
paths, our strategy is a hop-by-hop expansion. For each
node, this often demands a small time and message complexity, which is about Oð1Þ, and thus at most OðNÞ in
total (In our algorithm, only a small part of interior nodes
conducts the skeleton node identiﬁcation). The feature
loop identiﬁcation is limited within the dilated paths
which are, say, the nodes two-hops away from the geodesic shortest paths, and accordingly, the time and message
complexity will be very low, which is about Oð1Þ, and
thus OðNÞ in total.
Importance measure computation and skeleton tree construction. Let Ns ðDÞ; Nb ðDÞ be the number of line-like skeleton
nodes and boundary nodes, respectively. The computation of importance measure incurs a time and message
complexity of OðNs ðDÞ Nb ðDÞÞ, which are about OðNÞ.
After each skeleton node computes its importance measure, the skeleton tree is constructed in a greedy manner,
which incurs a time and message complexity of OðNs ðDÞÞ.
Reﬁnement. The reﬁnement process is conducted
within the identiﬁed skeleton nodes, and thus the time
and message complexity is OðNs ðDÞÞ.
In summary, the time and message complexity of our
algorithm are both linear to the network size.
u
t
4.6 Line-Like Skeleton Based 3D Routing Protocol
Generally, the evaluation of a good skeleton is applicationoriented, and no common metric is well accepted yet. In sensor networks, routing is the fundamental function. To quantitatively evaluate the performance of our algorithm, we
thus design a delivery-guaranteed, low stretch factor and
load-balanced routing protocol based on the extracted linelike skeleton. We are aware that MAP [4] has conducted a
line-like skeleton based 2D routing protocol. However, MAP
is not applicable for 3D analog, since its naming scheme
potentially limits its applicability within 2D sensor networks
only. In this paper, we are interested in the application of
line-like skeleton in routing for 3D sensor networks.
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Fig. 10. Routing illustration. The source node S is shown by a circle, and
the destination T is shown by a rectangular. The red curve shows the
skeleton C, and the black curve is the routing path. The circles around
the skeleton are contour sets.
Fig. 9. Our algorithm under complex scenario. (a) The tree rooted at a
dummy node indicated by the red eclipse will meet at the dummy node
indicated by the black eclipse; (b) The skeleton of double-torus shaped
network.

After the extraction of the skeleton, we construct a socalled skeleton graph, where each vertex corresponds to a
critical skeleton node, which is either an end skeleton
node (i.e., a skeleton node having only one neighboring
skeleton node) or a joint skeleton node (i.e., a skeleton
node having more than two neighboring skeleton nodes);
and an edge between two vertices represents that the
shortest path between the corresponding two skeleton
nodes does not pass through other critical skeleton node.
Then we let each skeleton node store skeleton information, including its neighboring skeleton nodes and which
edge it is in. Our skeleton-based 3D routing protocol has
two major steps:
Preprocessing phase. First, skeleton nodes ﬂood simultaneously within the network to build a shortest path forest, where each skeleton node is a root of a shortest path
tree (referred to as a skeleton tree). Each node is associated with one and only one skeleton tree, and keeps
record of its hop count distance to its root, and the skeleton graph as well. We denote by rðpÞ the root of node p,
hðpÞ the hop count distance of p to rðpÞ. We call the set
of nodes that have equal distance h0 to the same skeleton
node as contour set, denoted by CSðh0 Þ; and the nodes
having equal distance h0 to the skeleton are referred to
as level set, denoted by LSðh0 Þ. Obviously, CSðh0 Þ 
LSðh0 Þ for any positive h0 . Next, the source node then
ﬁgures out the reference path using the skeleton information it stores, from the root of the source to that of
the destination.
Routing phase. The message from the source S is forwarded to the destination T as follows:




if rðSÞ ¼ rðT Þ and hðSÞ ¼ hðT Þ, then S forwards the
message to its neighbor q on CSðrðSÞÞ;
else if rðSÞ ¼ rðT Þ and hðSÞ 6¼ hðT Þ (without loss of
generality, we assume hðSÞ > hðT Þ), S forwards the
message to its neighbor q such that hðqÞ < hðSÞ;
otherwise, S forwards the message to a node q such
that rðqÞ is closer to rðT Þ than rðSÞ is to rðT Þ, q severs
as an intermediate.

Note that there might be more than one intermediate
node based on the above-mentioned policy. The one with
the least load is selected as the intermediate node to achieve
balanced load. Such process is conducted repeatedly until
the message reaches the destination. This way, the delivery
of the packet can be guaranteed. Fig. 10 depicts an illustrative example.

5

PERFORMANCE EVALUATION

To demonstrate the efﬁciency of the proposed algorithm, we
conduct extensive simulations on different 2D/3D scenarios, and compare the proposed algorithm with the existing
algorithms. Speciﬁcally, for 3D sensor networks, we compare with the naive algorithm using traditional ﬂow complex. Note that the ﬂow complex based algorithm suffers
from local maxima and incurs a self-disconnected skeleton,
as mentioned earlier in Section 1. For fair comparison, similar with our algorithm, the naive algorithm ﬁrst identiﬁes
skeleton nodes by using ﬂow complex, and then selects the
skeleton node with the largest distance transform as a root
to build a skeleton tree, and ﬁnally the skeleton tree is
reﬁned based on branch similarities. And for 2D sensor networks, we compare our algorithm with MAP [4] and CASE
[13], both of which require complete boundaries.
Besides, we also study the performance of our algorithm
under different node densities, and the performance of the
proposed algorithm under different scales of boundary
noise is also examined. Further, we show the robustness of
our algorithm to communication model by using quasi-unit
disk graph (QUDG) and log-normal communication radio
model. Finally, we adopt the extracted line-like skeleton as
an infrastructure to facilitate 3D routing, such that by evaluating the quality of routing paths, we can quantitatively
measure the goodness of the extracted line-like skeleton.

5.1 Simulation Setup
In our simulations, nodes are randomly deployed in the
sensing ﬁeld. The communication model is unit disk graph
by default. That is, a link between two nodes exists if their
separation is less than the communication radio range. The
threshold for importance measure is user-deﬁned and in
our algorithm, it is set to be 0.02 unless otherwise stated.
In routing experiments, we randomly choose 20,000
pairs of source and destination nodes. Since our algorithm guarantees delivery, considering the limitation of
storage space and computation complexity, we only compared our line-like skeleton based routing protocol with
surface skeleton based routing protocol, naive algorithm
based routing protocol, and with Random-Walk [11] as
well. The surface skeleton based routing protocol and
naive algorithm based routing protocol work in the same
way as the line-like skeleton based routing protocol.
More speciﬁcally, each node computes its hop count distance to the skeleton via ﬂooding from the skeleton
nodes, and then keeps track of the root skeleton node; at
the same time, each node stores the skeleton information,
including the node IDs of each skeleton node and its
neighbors, for the purpose of guiding the packet’s
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Fig. 11. More results. Row 1: our algorithm; row 2: naive algorithm using ﬂow complex. (a) Seabed, 5,537 nodes, avg. deg. 22.35; (b) Man, 15,288
nodes, avg. deg. 20.78; (c) H, 16,156 nodes, avg. deg. 22.47; (d) Snake, 19,313 nodes, avg. deg. 19.84.

forwarding. The surface skeleton based routing protocol
and naive algorithm based routing protocol also have
two phases: during the preprocessing phase, the source
node ﬁnds the reference path in the skeleton nodes, followed by forwarding the packet to its neighbors in the
same way as the line-like skeleton based routing protocol
does. Random-Walk [11] is a truly greedy routing
scheme, where the packet is greedily forwarded to the
destination. Upon reaching a local minimum, a random
walk is used on a local sphere structure to help it escape
from the local minimum.

5.2

Simulation Results

5.2.1 Performance under Different Scenarios
Fig. 11 illustrates the results of our algorithm and naive
algorithm on a variety of scenarios, namely, Seabed
(Figs. 11a and 11e), Man (Figs. 11b and 11f), H (Figs. 11c
and 11g) and Snake (Figs. 11d and 11h), with the number of
nodes ranging from 5,537 to 19,313. In Figs. 11a and 11e, the
Seabed-shaped network has 5,537 nodes with ﬁve deep valleys, which are unlikely caused by boundary noise. Consequently, the extracted skeleton by our algorithm (see
Fig. 11a) has ﬁve branches to reﬂect the details of the network, accurately capturing the main topological feature of
the original network. While the skeleton by naive algorithm
(see Fig. 11e) has many “parallel branches” because it
identiﬁes too many skeleton nodes due to the presence of
parallel boundaries, and the reﬁnement process has no
guarantee to achieve a good skeleton.
Figs. 11b and 11f describes the extracted skeleton of a
Man-shaped network by our algorithm and naive algorithm, respectively. Note that there are ﬁve logical parts (i.e.,
head, two arms and two feet). Clearly, our algorithm delivers a medially-placed line-like skeleton and reﬂects these
topological features very well, outperforming naive algorithm. Note that in Fig. 11b, three skeleton branches occur
in the head part because there the network is comparatively
sparser, incurring many nodes have a feature loop that

decomposes the boundary into connected components, and
hence identify themselves as skeleton nodes. By setting an
appropriate threshold for the importance measure, these
skeleton nodes could be deleted, at the expense of other
skeleton nodes at the end of arms and feet being disregards
as skeleton nodes.
We can see the similar results in Figs. 11c and 11g and
Figs. 11d and 11h. Figs. 11c and 11g illustrates the line-like
skeleton of an H-shaped network by our algorithm and
naive algorithm. Obviously, the extracted skeleton by algorithm is better which is well centered and homotopic to the
underlying environment. In Figs. 11d and 11h, there is a
long and narrow corridor, but we still achieve a line-like
skeleton that captures the network topology very well, outperforming naive algorithm.
Fig. 12 depicts the comparison results of MAP, CASE and
the proposed algorithm under 2D scenarios. We can clearly
see that the skeletons generated by MAP (shown in Fig. 12a)
have many spurious branches due to the existence of unstable skeleton nodes, even though the skeleton nodes with the
geodesic distance (in hops) between the nearest boundary
nodes less than 4 have already been regarded as unstable
skeleton nodes and thus eliminated, implying that MAP is
sensitive to the boundary noise; and CASE ignores some
important skeleton branches, as shown in Fig. 12b, since the
true skeleton nodes, whose nearest boundary nodes locate
at the same boundary branch due to the improperly chosen
threshold of the corner node, did not identify themselves as
skeleton nodes. Our algorithm produces the best skeletons
(shown in Fig. 12c) which accurately capture the salient
topological features of the underlying networks, outperforming the other two schemes.

5.2.2 Robustness to Boundary Noise
To investigate the robustness of our algorithm to boundary
noise, we add to the boundary nodes of the 3D network in
Fig. 4 some random perturbations following a normal distribution with 0 mean and standard deviations in terms of the
times of the communication radio range, as shown in
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Fig. 12. Skeleton extraction under different 2D scenarios. Row 1:
terminal-shaped network; row 2: bat-shaped network. (a) MAP [4];
(b) CASE [13]; (c) Our algorithm.

Fig. 13. We can clearly see that with the increasing scale of
the boundary noise, the extracted skeletons exhibit more
and more irregularities, but the major topological features
of the original network are still accurately reﬂected by the
extracted skeletons, implying that our algorithm is robust to
boundary noise.
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Fig. 14. The performance of the proposed algorithm under different node
densities. Row 1: the 3D network in Fig. 4; row 2: a 2D network with
5,217 nodes. (a) avg. deg. 14.53; (b) avg. deg. 16.61; (c) avg. deg.
18.12; (d) avg. deg. 20.09; (e) avg. deg. 5.65; (f) avg. deg. 10.12; (g)
avg. deg. 17.15; (h) avg. deg. 2.42.

5.2.4 Line-Like Skeleton Based 3D Routing Protocol
To measure the quality of routing paths, we exploit two
metrics, i.e., the CDF (cumulative density function) of the

load of sensors (in terms of routes involved in the routing
experiments), and the average stretch factor, which is
deﬁned as the average of the ratio of the routing path length
to the shortest path length.
Fig. 15a exhibits the CDFs of the load of sensors by our
line-like skeleton based 3D routing protocol (the red curve),
the surface skeleton based 3D routing protocol (the magenta
curve), naive algorithm based routing protocol (the blue
curve) and Random-Walk (the green curve). Clearly, the
trafﬁc load by our line-like skeleton based routing protocol
is well balanced, with around 90 percent of sensors involved
in less than 50 routes, and less than 5 percent of sensors
involved in more than 100 routes, but all sensors are
involved in less than 550 routes. The trafﬁc load by surface
skeleton based routing protocol is worse, with around
80 percent of sensors involved in less than 50 routes, and
about 12 percent of sensors involved in more than 100
routes. It is worth noting that some sensors are involved in
more than 600 routes. By looking at the log ﬁle, we ﬁnd that
this happens because many routes ﬂood to the sensor nodes
1 hop away from the surface skeleton nodes, and consequently, these nodes are inevitably overloaded. The load by
naive algorithm based routing protocol is comparable with
surface skeleton based routing protocol since the former has
many branches which incurs many packets routing along
the contour set (called “rotation”) , and the nodes near the
junction of the skeleton are heavily loaded. As mentioned
earlier, upon reaching local minima, Random-Walk
searches along the boundaries to escape from the local minimum; obviously, the boundary nodes will be heavily
loaded, which is conﬁrmed by our experiments, where only

Fig. 13. The impact of boundary noise on the skeleton extraction of the
3D network in Fig. 4. The boundary noise are generated by adding to the
boundary nodes random perturbations following a normal distribution
with 0 mean and standard deviations in terms of the times of the communication radio range r. (a) 0.054r; (b) 0.072r; (c) 0.090r; (d) 0.108r.

Fig. 15. (a) CDF of load of sensors; (b) average stretch factors.

5.2.3 Performance under Different Node Densities
To evaluate the impact of node density on the performance
of the proposed algorithm, we vary the communication
radio range of the 3D network in Fig. 4 and a 2D network
to generate four networks with different average node
degrees, respectively. Fig. 14 describes the extracted skeletons of the corresponding networks. In Fig. 14a, the average
node degree is only 14.53, which is very sparse for a 3D network. The extracted skeleton by our algorithm, however,
captures very well the topological features of the underlying network, except that the skeleton here is rougher, due
to the low node density. From Figs. 14b to 14d, we observe
that, with the increasing of the node density, our algorithm
extracts smoother skeletons with less skeleton nodes that
accurately reﬂect the topological features. This happens
because the network becomes denser and the hop count distance provides a better approximation to the euclidean distance. Accordingly, the extracted skeleton is more and
more approximate to the real line-like skeleton. We see reasonable results for the 2D network in Figs. 14e to 14h,
implying that our algorithm is insensitive to the node density and can always achieve stable results for both 2D and
3D sensor networks.
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40 percent around of sensors are involved in less than
50 routes, and more than 5 percent of sensors are in more
than 200 routes. Overall, our line-like skeleton based routing protocol outperforms the other three schemes in terms
of load balance.
We next move to the comparison of these routing
schemes in term of the average stretch factors, shown in
Fig. 15b. In the tested ﬁve scenarios, the average stretch
factors of our line-like skeleton based routing protocol
are all below 1.5. Note that the lowest one is only about
1.13 for H-shaped network in Fig. 11c, because in our
line-like skeleton based routing protocol, the packet is
forwarded parallel to the line-like skeleton and then
make a rotation if necessary. The more complex the network is, the more rotation steps are conducted. The linelike skeleton of the H-shaped network in Fig. 11c is relatively simple, and thus low stretch factor is achieved.
Similarly, the average stretch factor of snake-shape in
Fig. 11d is the largest because more rotation step is conducted. The average stretch factor by surface-skeleton
based routing is higher than our routing protocol, ranging from 1.37 to 1.88, as here the routing path has to be
vertical to the normal of each two-manifold sheet. With
the presence of redundant skeleton branches, the average
stretch factors by naive algorithm based routing are all
between those by line-like skeleton based routing and
surface-skeleton based routing. As for Random-Walk, to
escape from local minima on a local sphere structure will
signiﬁcantly increase the routing path length. The snakeshape in Fig. 11d is so complex that the average stretch
factor of Random-Walk is over 2.0; and the other four
average stretch factors by Random-Walk are all greater
than 1.5. In summary, our line-like skeleton based routing algorithm has the lowest average stretch factor, and
outperforms the other schemes.
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